Superfluid spin transport -dissipationless transport of spin -is theoretically studied in a ferromagnetic insulator with easy-plane anisotropy. We consider an open geometry where spin current is injected into the ferromagnet from one side by a metallic reservoir with a nonequilibrium spin accumulation, and ejected into another metallic reservoir located downstream. Spin transport is studied using a combination of magnetoelectric circuit theory, Landau-Lifshitz-Gilbert phenomenology, and microscopic linear-response theory. We discuss how spin superfluidity can be probed in a magnetically-mediated negative electron-drag experiment.
Introduction.-An important goal in the field of spintronics is to understand how spin, a quantum-mechanical unit of magnetism, can be exploited for information transport, data storage and processing. While conventional spintronics [1] , relying solely on conduction electrons in metals and semiconductors as carriers of spins, still faces difficulties associated with fast spin relaxation and significant Joule heating, a promising alternative that combines conventional spintronics with coherent spin-wave dynamics in magnetic insulators has recently emerged [2] . Magnetic insulators can also transport spin information via magnons [3] , the quantum of spin waves that also carries a unit of angular momentum. This emerging field of magnon spintronics may alleviate the obstacles present within the conventional schemes. The possibility to investigate spin transport in magnetic insulators also opens a new venue for their experimental probes.
Integrating magnetic insulators into spintronic devices raises interesting possibilities that stem from the bosonic nature of the spin-carrying magnons. These magnons can form a Bose-Einstein condensate, which has been observed in some magnetic insulators including TlCuCl 3 [4] , Cs 2 CuCl 4 [5] , and Y 3 Fe 5 O 12 (YIG) films [6] . A closely related phenomenon is superfluidity, which is another general property of bosonic quantum matter at low temperatures. In magnetic systems, this raises the possibility of spin superfluidity, i.e., a dissipationless macroscopic transport of spin [7] . In the past, the concept was used to explain unusually fast spin relaxation in 3 He-A [8] and invoked to interpret the coherence of a nonuniformly precessing state of 3 He-B [9] . Spin superfluidity has also been studied in Bose-condensed excitonic fluids [10] . While the absence of strict conservation laws for spin rules out faithful analogy to conventional mass superfluidity [11] , it was demonstrated that the analogy can still be useful if the violation of conservation law is weak [10] . Generation of dissipationless spin current has received attention in the past in metallic systems with noncollinear magnetic order [12] , p-doped semiconductors [13] , and two-dimensional electron systems with Rashba spin-orbit coupling [14] .
In this Letter, we theoretically investigate how superfluid spin transport can be realized and detected in magneticinsulator based hybrid structures. The notion of superfluid spin transport here is closely related to Ref. [12] . In this work, we focus on the pertinent spin-transfer physics at the ferromagnet|metal interfaces (including thermally-activated spin currents), which is related to well-established and independently measurable quantities such as the spin-mixing conductance and the spin Hall angle. We identify the importance of global magnetic precession and the associated relaxation of spin superfluid by Gilbert damping. Specifically, we consider a ferromagnetic insulator with easy-plane anisotropy attached on the two sides by metallic reservoirs that act as the source and the drain for spin current (see Fig. 1) . In an open geometry, superfluid spin transport is achieved by maintaining a spiral magnetic texture in the ferromagnet, along with a selfconsistent magnetic precession within the easy plane, through a steady injection of angular momentum at the source and its depletion by spin pumping [15] at the drain. The spin injection at the source and its ejection at the drain have two contributions: coherent spin-transfer torque [16] and thermallyactivated spin current mediated by magnons. We establish the length scales involved in the conversion of the thermal contribution into a superflow, with its eventual relaxation due to Gilbert damping. The resultant spin current can be probed in a magnetically-mediated negative electron-drag experiment, similar to the proposal in Ref. [17] , facilitated by the spin Hall effect at the ferromagnet|normal-metal contacts.
Superfluid spin transport.-Before pursuing a more rigorous microscopic calculation, we first outline the essential semiclassical aspects of superfluid spin transport (see Fig. 1 ). We start at zero temperature, where spin current in the ferromagnet cannot be transported by magnons. A ferromagnet of length L (occupying 0 < x < L) is sandwiched between two metallic reservoirs occupying −∞ < x < 0 and L < x < ∞. We assume full translational symmetry along the interface (yz) plane, axial symmetry about the z axis, and take the easy plane in the xy plane. The energy for the ferromagnet can be written as
, where A and K parameterize the exchange stiffness and anisotropy, respectively, and n(x) is the unit vector along the local spin density s(x). We parameterize n by the azimuthal angle ϕ and its z projection n = ( 1 − n 2 z cos ϕ, 1 − n 2 z sin ϕ, n z ), and describe its classical dynamics using the Landau-Lifshitz-Gilbert (LLG) equation (1 + αn×)ṅ = −n × ∂ s H F , where α is a dimensionless damping constant that accounts for magnetic losses in the ferromagnet bulk. In the strong-anisotropy and longwavelength limit (i.e. λ √ A/K), the LLG equation can be expanded to lowest order in n z and gradients of ϕ:
where s ≡ |s(x)| is assumed to be fixed at its saturation value. For α = 0, Eqs. (1), we identify ϕ and sn z as canonically-conjugate variables, with the long-wavelength Hamiltonian given by
. Perturbing a monodomain ferromagnet by a nonequilibrium z-axis spin accumulation in the left reservoir, the magnet's spins cant out of the plane and acquire a nonzero n z , which in turn triggers a precession of the magnetic order about the z axis by virtue of Eqs. (1) . A steady-state solution for n z and ϕ can be written as n z (x, t) ≡ const = n z and ϕ(x, t) = ϕ(x) + Ωt, where Ω = Kn z /s is the precession frequency and ϕ = (αs/A)Ω. According to the translational symmetry along the interfaces, we are considering solutions that are independent of (y, z). The magnetization canting, n z , and the condensate spin current density flowing through the ferromagnet in the x direction, J s , must be found according to the appropriate boundary conditions at x = 0, L. To that end, we employ the magnetoelectric circuit theory [15] , as follows.
The spin-current density injected into the ferromagnet from the left reservoir is given by J 
where g α ≡ 4παsL/ . This is a central result of this work. Note that the supercurrent decays algebraically as a function of the ferromagnet's length L in the presence of Gilbert damping. For spin transport mediated solely by magnons [17] , spin current is expected to decay exponentially over the magnon diffusion length λ sd ∼ v √ ττ * , τ (τ * ) being the decay (scattering) mean free times. The detection of appreciable spin current for L λ sd should be an evidence of spin superfluidity.
Microscopic theory.-In order to account for finitetemperature corrections to the above results, we proceed to develop a linear-response theory for a concrete microscopic model. To that end, consider a ferromagnet with spins arranged on a cubic lattice. With the xy easy plane, its energy isĤ
zi , where J > 0 is the exchange integral, D > 0 is the anisotropy energy, and S i is the local spin in units of . Sites are labeled by i, j, and nearest-neighbor sites are denoted by ij . The low-energy behavior of the system is described by replacing the spin S i on lattice site i with a continuum spin density, S(x) ≈ S i /a 3 , that varies slowly in space. Owing to the axial symmetry about the z axis, it is useful to parametrize the spin density using two slowly-varying fields, its azimuthal angle ϕ(x) and z component S z (x). Retaining terms up to quadratic order in small quantities, the long-wavelength (quantum) Hamiltonian, in the case of a strong easy-plane anisotropy, becomeŝ
where
. We have dropped terms in Eq. (3) that are higher order in J(a/λ T ) 2 /D 1, where λ T is the thermal magnon wavelength at temperature T . Using the long-wavelength magnon velocity v = √ JDaS / and the thermal wavelength λ T ∼ v/k B T , the above inequality gives a condition on the relevant temperature regime:
We generalize our results to the opposite, high-temperature regime, T D T (where magnons become circular), at a later point.
The metallic reservoirs on the left (r = L) and right (r = R) are modeled as free electron gases with dispersion We suppose that the ferromagnet magnetization and electron spin density at each interface couple via an sd-type exchange interaction. For strong anisotropy, the interaction Hamiltonian up to O(Ŝ z /S ) can be written asV = rVr , witĥ
where η r is the exchange coupling,S = S /a 3 and The spin accumulation in the left reservoir leads to an injection of spin current in the form of a superfluid and a thermallyactivated spin current mediated by magnons. Within the healing length, h ∼ a √ J/D, from the injection site, the latter should transform into supercurrent [18] , as the individual magnons cannot carry spin angular momentum along the z axis. The spin current can suffer relaxation in the ferromagnet, which we account for using Gilbert damping phenomenology. For spin waves, the damping rate at T T D can be estimated as τ −1 ∼ αDS / , which defines the magnon ballistic decay length = vτ. We assume h , such that the magnonmediated current is converted into spin supercurrent without significant decay within the healing length. This imposes a simple condition on Gilbert damping: α 1, which is nearly always satisfied in practice.
In order to separate the condensate and magnon contributions to the injected spin current, we parameterize the quantum fields in Eqs. (3) and (4) as a sum of the deterministic classical component (the condensate) and the fluctuating quantum component (magnon cloud):φ(x) = ϕ(x, t) + δφ(x) andŜ z (x) = S z (x, t) + δŜ z (x) [with a corresponding decomposition forn z (x)]. The resultant coupling between the two components affects spin transport both within the ferromagnet bulk and at the interfaces. In the bulk, this coupling manifests only at higher orders in the driving field µ s [19] . At the interfaces, however, the coupling contributes to spin current at linear order in the driving field, as we show below.
To compute the magnon contribution to spin current through the interface, we insert the above parameterization for ϕ(x) andŜ z (x), along with the steady-state ansatz ϕ(x, t) = ϕ(x) + Ωt and S z (x, t) = Ω/Da 3 , into Eq. (4). The precession frequency Ω now needs to be self-consistently determined in the presence of the thermal corrections. Since the condensate-magnon coupling only leads to nonlinear effects in the bulk (as argued above), linear-response spin transport should be well-characterized by the condensate described by the above steady-state solution for ϕ and S z together with the decoupled thermal magnon cloud governed by the Hamilto-
z ]/2. We first evaluate the condensate contribution to the spin current at each interface. In the absence of the fluctuations, the relevant interaction Hamiltonian isV 0 = rVr0 , witĥ
The reservoir electron operators were expanded asψ σr (x) = (x) are orthonormal eigenfunctions in the transport direction for the semi-infinite reservoir r. Here, we consider the weak-coupling regime and compute the spin current to lowest nontrivial order in η r [20] . In Eq. (5), we dropped the z-component exchange, since it does not contribute to the spin current within the weak-coupling treatment. The operator for the spin-current density flowing into each reservoir iŝ
where A is the interface cross-sectional area. From the Kubo formula, we obtain J 
For the magnon contribution, we expand the interaction to linear order in the fluctuations: δV = r δV r with
where η rnk x k x = −iφ F n (x r )η r0k x k x and {k} denotes integral over momenta, k, k , k x , and k x , with the appropriate (2π) −1 factors. Here, we have introduced orthonormal eigenfunctions φ
2/L cos(q n x) (with non-negative integers n ≥ 0 and q n = nπ/L), which correspond to eigenstates of a free particle in the domain 0 ≤ x ≤ L obeying Neumann boundary conditions, n e iq·r φ F n (x)δφ qn , with an analogous expansion for δŜ z (x). We use prime on the summation sign to indicate that it excludes uniform (i.e., condensate) mode with q = 0 and n = 0. The magnon current-density operator, δĴ s r , is then given by the right-hand side of Eq. (6) but withV r0 replaced by δV r . The steady-state magnon spin current across the interface is then similarly obtained through δJ
The Hamiltonian for the fluctuations, δĤ F , can be diagonalized using the ladder operators,â qn andâ † qn , obey-
n E qn (â † qnâqn + 1/2), where the magnon spectrum is E qn = v |q| 2 + q 2 n . In this basis, the phase field reads δφ qn = Da 3 /2E qn (â † −qn +â qn ). The linearized thermal contribution to the injected spin-current density reads δJ s r = δG s r Ω r , where the magnon conductances are given by δG
and the magnon spectral function B qn (ε) = (Da 3 /2E qn )δ(ε − E qn ). Here, n BE (ε) ≡ ∂n BE (ε)/∂ε, n BE (ε) = (e βε − 1) −1 , and we assumed that µ k B T . The total injected spin current density is then given by J In order to quantify the magnon contribution to the spin transfer with respect to the coherent contribution, we evaluate the ratio R ≡ δG s r /G s r . In the low-temperature regime considered thus far (i.e., T T D , T c ), we obtain R = ( Supplementary Material for details) . Here, we see that the magnon contribution to the spin transfer is very small. In the high-temperature regime, T D T T c , thermal magnons are no longer strongly affected by the planar anisotropy and thus acquire a circular character. In this case, the ratio of the magnon to condensate spin currents becomes
where Γ is the gamma function and ζ is the Riemann zeta function (see Supplementary Material for details). We see that the magnon contribution remains small as long as T T c . Discussion.-The superfluid spin transport can be detected using the setup shown in Fig. 1 . Here, the ferromagnet is sandwiched by identical metals with strong spin-orbit coupling, characterized by an effective spin Hall angle θ SH at the ferromagnet|metal interfaces. Let J c R denote the chargecurrent density produced via the inverse spin Hall effect in the right metal, given the applied charge-current density J 
FIG. 2. Negative drag coefficient normalized by its lossless value
2 /h. In the presence of losses, the precession frequency is suppressed according to Eq. (2) as
. At finite temperatures, the effective mixing conductance acquires thermal corrections and can be written in the form,
These results are summarized in Fig. 2 . Here, R(T ) denotes a correction to the effective mixing conductance arising from the additional magnon channel for spin transport and g ↑↓ 0 (T ) denotes finite temperature interfacial mixing conductance for spin transfer into the condensate. We note that while thermal magnons provide a new channel for transport that gives a positive correction to the effective mixing conductance [as computed above and encoded in R(T )], finite temperature also suppresses the ferromagnetic order and leads to a reduction of the superfluid component of the mixing conductance [as encoded in g ↑↓ 0 (T )]. This competition between the two corrections can lead to an overall suppression in the effective mixing conductance (see Supplementary Material).
For a quantitative estimate, we consider a Pt|YIG|Pt hybrid structure (which appears to be a promising combination because of strong spin-orbit coupling in Pt and low Gilbert damping and weak magnetic anisotropy in YIG). Using θ SH ∼ 0.1 (measured for platinum|permalloy interface [21] ), σ ∼ 0.1 (µΩ · cm) −1 for Pt, d ≈ λ sf ∼ 1 nm (spin-flip length in Pt [21] ), and g ↑↓ ∼ 5×10 18 m −2 for the YIG|Pt interfaces [22] , we get D 0 ∼ 0.1 [23] . Taking α ∼ 10 −4 and using YIG spin density s/ ∼ 10 22 cm −3 [24] , we get for the crossover length L α ∼ 1 µm. The large and long-ranged negative drag constitute our key predictions.
Finally, we remark that breaking of the U(1) symmetry within the easy-plane of the ferromagnet is detrimental to the DC spin-carrying superfluid state studied here. Relevant macroscopic manifestations of this symmetry breaking are Gilbert damping, which has already been accounted for, and magnetic anisotropy. In the presence of the latter, the applied current must overcome a threshold in order to establish the spin superfluid-carrying state over the length of the ferromagnet. However, the applied current cannot exceed an upper critical current, beyond which the induced planar magnetic spiral state becomes unstable [12, 18] .
temperatures, the ferromagnetic order parameter is reduced and, consequently, leads to a suppression of the superfluid component of the interfacial spin transfer. For the circular magnon case, we have verified that this correction leads to an overall suppression of the effective interfacial spin-mixing conductance, i.e., g
, and 2n/S = (4/3)R c (n being the thermal magnon density) is the correction arising due to the reduced order parameter. The appearance of the overall suppression factor (1 − 2n/S ) is a consequence of the replacementS →S − n in the matrix element in Eq. (7) of the main text and evaluating the (square of the) matrix element to lowest order in n/S . Analogous discussion holds also in the elliptical regime as well. We thus conclude that while the newly opened magnon channel can enhance the spin-mixing conductance (as shown by the positive corrections from R and R c ), the suppression factor in front arising from the reduced order parameter may lead to an overall suppression in the interfacial spin transfer.
Planar spin accumulation.-For a spin accumulation parallel to the ferromagnet's easy plane, say µ s e y , the spintransfer torque aligns the ferromagnetic spins uniformly and statically in the y direction, in the steady state. While no superfluid spin transport is expected in this case, magnons can still carry spin current. Here, we consider magnon transport in the incoherent elastic transport limit, such that magnon current is conserved inside the ferromagnet for each energy channel, and the phase-relaxation length is much less than L [1] . In the circular-magnon regime, T D T T c , spin current (along the quantization axis y) is, furthermore, conserved across each interface. Therefore, the (outward) magnon current at interface r is given by J , where ε L = ε − µ s and ε R = ε. The spin-current injection at the left interface induces a nonequilibrium, energy-dependent magnon accumulation inside the ferromagnet. Imposing magnon current conservation at each energy in the ferromagnet, the nonequilibrium magnon distribution becomes:
Within linear response, we then obtain J s R
. Therefore, we find that the magnon current in this setup is suppressed as temperature is lowered according to J 
